A three-dimensional dynamic DuMond diagram has been constructed, in which the three axes represent the wavelength and vertical and horizontal divergences of an X-ray beam. Such a diagram can be used to analyse successive diffraction of multiple crystals. It is simple and clear cut to use this diagram for the analysis and design of crystal collimators, monochromators and spectrometers involving nearly perfect crystals.
I. Introduction
The investigation of multiple-crystal X-ray diffraction has quite a long history. Here, multiple crystal means two, three and even more crystals. In the early stage multiple-crystal diffraction investigators devoted their efforts mostly to theoretical research. Among them, Bragg, James & Bosanquet (1921) and Daris & Terrill (1923) investigated double-crystal rocking curves. Compton & Allison (1946) , Renninger (1938 Renninger ( , 1955 studied successive diffraction of three crystals. In recent years, single-crystal materials have been widely adopted in industries, and, accordingly, multiplecrystal diffraction work has shown greater worth in practical applications too. For example, doublecrystal diffraction is frequently used to examine the quality of crystal materials, or to measure the lattice mismatch between a substrate and its epitaxial layers, the quality of crystal wafer polishing and the curvature of crystal wafers. Double-and multiple-crystal topography is an effective method for observing microdefects in crystals. Some collimators and monochromators for X-ray diffraction work can be constructed from multiple crystals arranged in some special ways. Kikuta & Kohra (1970) , Godwod, Nagy & Zek (1976) , Iida & Kohra (1979) and Iida (1979) have published the results of their investigations on this. Kishino & Kohra (1971) considered theoretically the Bragg-case diffraction of X-rays at a small glancing angle. Nakayama, Hashizume, Miyoshi, Kikuta & Kohra (1973) discussed the application of multiple-*This work is partly supported by the Science Fund of Academia Sinica.
crystal asymmetric diffraction to high-precision X-ray spectroscopy.
But it is a rather complicated problem to analyse the successive diffractions of multiple crystals. To enable this problem to be easily solved, DuMond (1937) constructed a diagram, the DuMond diagram, in the thirties, as shown in Fig. l , in which a curve of 2d sin 0 = 2 was drawn on a piece of dark paper and the trace of the curve made transparent to light. For the successive diffraction of several crystals, a series of DuMond diagrams was constructed for each crystal. They were overlapped in pairs and allowed to move along the direction of 0. The wavelength and direction for X-ray diffraction to occur can be obtained by observing the intersections of curves. When two crystals are in (n, -n) arrangement, the curves are shown as in Fig. l(a) ; if they are arranged in (n, + n), the situation is illustrated in Fig. l(b) .
From this simple diagram, it can be seen that the breadth of the rocking curve is very narrow in the (n, -n) arrangement and broad in the (n, + n) arrangement. This diagram is quite simple and useful, but it does not include the effects of vertical divergence of X-ray beams. Even though DuMond considered total reflection due to dynamical scattering in the formation of a rocking curve, he did not put it into his 2-0 diagram, so the details of a rocking curve cannot be fully explained by a two-dimensional 2-0 DuMond diagram.
Recently, the range of total reflection has been added to a DuMond diagram for a certain wavelength and Yoshimura (1984) has discussed mathematically the 0021-8898/88/030213-05503.00
influence of vertical divergence of a beam of X-rays in double-crystal spectrometers. In this paper, a modified DuMond diagram is constructed with three coordinate axes representing vertical divergence, horizontal divergence and X-ray wavelength respectively. It also includes the results of the dynamical diffraction effect. The principle of construction and method of application are given.
Three-dimensional DuMond diagram
First, let us give a general view of a three-dimensional DuMond diagram. In Fig. 2 defined as a certain region in this O-~b, 0, 2 coordinate system. The extent of this region along the qs, 0, 2 axes represents the vertical and horizontal divergences and wavelength dispersion respectively of X-rays emitted from the source, passed through a slit, and accepted or reflected by a crystal. There are several diffraction units in a system, including the X-ray source, slits and crystal etc. A DuMond diagram of an X-ray sourcc is shown in Fig. 3 and that of a slit is shown in Fig. 4 . In Fig. 2 a cone of X-ray reflection with wavelength )~ on a crystal is shown too, where ON is the normal to the crystal surface, /CON = Z, Z being the angle between the plane of diffraction and the crystal surface. ON lies on the OYZ plane. The sign of Z is positive when ON and OB are both in the quadrant of O YZ, and negative in any other case. 0 o is the Bragg angle and (n/2) -0o equals the cone semi-angle.
The ~O and 0 of any generatrix in Fig. 2 must satisfy cos ~p = sin 0o/sin 0.
From Bragg's law sin 0o = 2/2d; thus cos ~p = 2/(2d sin 0).
Equation (2) is the expression of the curve surface in a 3D DuMond diagram. Its shape is shown in Fig. 5 . 
Modification of the DuMond diagram by using dynamical diffraction theory
If a bundle of monochromatic X-rays is incident on a crystal surface, according to the dynamical diffraction theory, reflection does not take place only at some definite angular position, but occurs over a range of angles, and if the center of this range of angles is considered as the peak position of diffraction, then the directions of both the incident and reflected rays deviate from the directions determined by Bragg's law. These are the important conclusions of dynamical diffraction theory. The range of incident X-rays being totally reflected is
Correspondingly, the range of reflected X-rays is
The deviation of the incident X-ray direction from the Bragg angle 00.is
The corresponding deviation of the reflected X-ray direction from 0o is
where C is the polarization factor, m is the stationary mass of an electron and e is its charge, v is the volume of a unit cell, F(h), F(0) are structure factors, Yo--cos ~o and 7h = COS ~h, where ~o is the angle between the incident X-rays and the inward-drawn normal to the crystal surface, ~h is the angle between the reflected X-rays and the inward-drawn normal to the crystal surface. IThl/Yo is known as a factor of asymmetry.
From the definition of 0 and ff in Fig. 2 , it can be proved that [Thl/'~'o is dependent on 0, but independent of ~k, as long as the normal to the crystal surface lies in the YOZ plane.
From 
For the incident wave vector,
For the reflected wave vector,
So, for any point (if, 0, 2) on the curve surface in Fig. 5 we can calculate (Aq~q) and Aco from (3) to (6), AOo, from (9), (10), and A~, AO from (7) and (8). Then a new point (~', 0', 2') corresponding to (qJ, 0, 2) can be obtained. In this way a three-dimensional dynamic DuMond diagram can be constructed from all the new points. However, it must be borne in mind that for one piece of crystal, two dynamic DuMond diagrams can be obtained, one of which is for incident and the other for reflected beams. If ~ = 0, these two dynamic DuMond diagrams coincide with each other; when X 4= 0, the two diagrams are different. The dynamic DuMond diagram is shown in Fig. 6 for Z = 0, while Figs. 7 and 8 are incident and reflected dynamic DuMond diagrams respectively for X-C0. In both diagrams, the AOo is exaggerated in order to show the 
The procedure of using a modified DuMond diagram in analysing crystal diffraction
As stated above, a diffraction system usually consists of several optical elements, such as X-ray source, slits, filters, crystals etc. When the diffraction of this system is to be analysed graphically, the modified DuMond diagrams for each unit must be drawn, then each two neighbouring ones are overlapped and slid along the 0 axis, and in such a way the wavelength and direction of diffraction of X-rays can be obtained. According to the definition of ~, 0 in the AO direction in Fig. 2 , the angle ~p of the AO direction is unchanged when the crystal is turning around the x axis, but angle 0 changes synchronously with the turning. Then a point (2, 0, ~) which represents the direction of X-rays AO will move along the 0 axis in the modified DuMond diagram while the crystal is turning. So, when two modified DuMond diagrams are being overlapped and slid with each other, their 0 axes must be brought into coincidence and the ~, 2 axes must be parallel.
For one piece of crystal, two modified DuMond diagrams must be drawn if the diffraction is asymmetrical. First, the DuMond diagram of the incident X-ray beam is overlapped and slid on to the DuMond diagram of incident rays of the crystal forming an intersected region, then this region is translated into the corresponding region in the reflected DuMond diagram of the crystal. Since the X-ray wavelength is unchanged by crystal reflection, the translation is done in the plane of constant 2. The intersection of the DuMond diagram with the 2 plane is shown in Fig. 11 . There are three sets of curves. Curve set II corresponds to the incident DuMond diagram; its two curves are closely located and nearly coincide. Curve set III corresponds to the reflected DuMond diagram, and its two curves look like the outline of a half-apple. The curves of set I all intersect at the point with 0 = 90 °, = 0; one of them is coincident with the 0 axis, and another is parallel to the ~ axis. The number of curves in set I is unlimited.
Curves in set I satisfy the equation cot ~O cos 0 = constant and each curve corresponds to a certain value of the constant. For one of a set of planes, all the planes in this set pass through the z axis in Fig. 2 . When the translation of the DuMond diagram is in progress, the only thing needed to do is to move a point of the incident DuMond diagram to the corresponding point of the reflected DuMond diagram along the curve in set I where this point is located.
If ~O = 0, the problem becomes simpler. The translation will be taken in the 2-0 plane only. Fig. 12 is an example, where the slit is in the incident X-ray beam, and the reflection is an asymmetrical one.
Moreover, the overlapping and moving of DuMond diagrams must be undertaken successively. If the right order is not obeyed, false results will occur, particularly in an asymmetrical reflection case. The situation of is definitely different from that of Fig. 12 , where ~ is assumed to be zero in both cases. The three-dimensional dynamic DuMond diagram can be used to explain successive diffraction by multiple crystals. It can be used to design single-or double-crystal spectrometers, collimators and monochromators. An asymmetrical arrangement of crystals for measuring the reflectivity of a crystal is a more sensitive method than the original method involving two crystals arranged in a symmetrical position. It is also very efficient for examining defects in crystals. Examples of the application of the three-dimensional dynamic DuMond diagram in diffraction analysis and refraction corrections will be reported in a separate paper by Xu, Chen & Li (1988) .
